An s-extremal optimal unimodular lattice in dimension 52 is constructed for the first time. This lattice is constructed from a certain self-dual F 5 -code by Construction A. In addition, as neighbors of the lattice, two more s-extremal optimal unimodular lattices are constructed.
Introduction
A (Euclidean) integral lattice L in dimension n is unimodular if L = L * , where L * denotes the dual lattice of L. A unimodular lattice with the largest minimum norm among all unimodular lattices in that dimension is called optimal [2] . The largest possible minimum norms for dimension n ≤ 40 are given in [2, Table 1 ]. This work was extended in [10] . For example, the largest minimum norms for dimensions 52 and 54 are 5 (see [10] ).
Let L be an odd unimodular lattice in dimension n. The shadow S(L) of L is defined to be S(L) = L * 0 \ L, where L 0 denotes the even sublattice of L [2] . It was shown in [6] that 8 min(L) + 4 min(S(L)) ≤ 8 + n, unless n = 23 and min(L) = 3, where min(L) and min(S(L)) denote the minimum norms of L and S(L), respectively. A unimodular lattice meeting the above bound with equality is called s-extremal. For minimum norms µ ≤ 4, s-extremal unimodular lattices have been widely studied (see e.g. [6] , [7] and the references therein). For minimum norm µ ≥ 5, only a few s-extremal unimodular lattices are currently known. More precisely, three nonisomorphic s-extremal odd unimodular lattices in dimension 48 having minimum norm 5 were constructed in [9] , and an s-extremal optimal unimodular lattice in dimension 54 was constructed in [6] . The aim of this note is to establish the following theorem.
Theorem 1. There are at least three nonisomorphic s-extremal optimal unimodular lattices in dimension 52.
For dimension 52, no s-extremal optimal unimodular lattice was previously known.
Preliminaries

Unimodular lattices
under the standard inner product (x, y). A unimodular lattice L is even if the norm (x, x) of every vector x of L is even, and odd otherwise. An even unimodular lattice in dimension n exists if and only if n ≡ 0 (mod 8), while an odd unimodular lattice exists for every dimension. The minimum norm min(L) of a unimodular lattice L is the smallest norm among all nonzero vectors of L. The kissing number of L is the number of vectors of minimum norm in L. Two lattices L and L ′ are isomorphic, if there is an orthogonal
Let L be an odd unimodular lattice in dimension n. The shadow S(L) of L is defined to be S(L) = L * 0 \ L, where L 0 denotes the even sublattice of L. Shadows of odd unimodular lattices appeared in [2] (see also [3, p . 440]), and shadows play an important role in the study of odd unimodular lattices. It was shown in [6] that
unless n = 23 and min(L) = 3, where min(S(L)) denotes the minimum norm of S(L), that is, the smallest norm among all nonzero vectors of S(L). An odd unimodular lattice meeting the bound (1) with equality is called s-extremal.
The theta series of an odd unimodular lattice L and its shadow S(L) are the formal power series θ L (q) = x∈L q (x,x) and θ S(L) (q) = x∈S(L) q (x,x) , respectively. Conway and Sloane [2] showed that when the theta series of an odd unimodular lattice L in dimension n is written as:
the theta series of the shadow S(L) is written as:
where 8 , and θ 2 (q), θ 3 (q), θ 4 (q) are the Jacobi theta series [3] .
Self-dual F 5 -codes and Construction A
Let F 5 denote the finite field of order 5. An F 5 -code C of length n is a vector subspace of F n 5 . The dual code C ⊥ of an F 5 -code C of length n is defined as
An n × n negacirculant matrix has the following form:
Let A and B be n × n negacirculant matrices. Consider a matrix of the following form:
where I 2n denotes the identity matrix of order 2n, and A T denotes the transpose of a matrix A. The codes with generator matrices of the form (4) are called four-negacirculant [8] .
Let C be a self-dual F 5 -code of length n. Then the following lattice
is a unimodular lattice in dimension n. This construction of lattices is well known as Construction A.
3 On s-extremal optimal unimodular lattice in dimension 52
The largest minimum norm among unimodular lattices in dimension 52 is 5 [10] . By using (2) and (3), we determine the possible theta series θ L 52 (q) and θ S 52 (q) of an optimal odd unimodular lattice and its shadow, respectively, as follows. Since the minimum norm is 5, we have that a 0 = 1, a 1 = −104, a 2 = 3016, a 3 = −22464, a 4 = 19656, in (2) . By considering the coefficients of q and q 3 in (3), a 5 and a 6 are written as: a 5 = −256α, a 6 = 1048576β, by using integers α and β. Hence, we have that θ L 52 (q) =1 + (157248 − 256α)q 5 + (15462720 + 4096α + 1048576β)q 6 + (729181440 − 21504α − 41943040β)q 7 + · · · , θ S 52 (q) =βq + (α − 92β)q 3 + (314496 − 68α + 4134β)q 5 + (1458362880 + 2226α − 120888β)q 7 + · · · .
The first optimal unimodular lattice in dimension 52 was constructed in [5] , and the lattice has theta series θ L 52 (q) with (α, β) = (104, 0). An easy observation on θ L 52 (q) and θ S 52 (q) gives the following lemma.
Lemma 2. Let L be an optimal odd unimodular lattice in dimension 52. Then, the kissing number of L is 157248 if and only if L is s-extremal.
Proof. Follows from the coefficient of q 5 in θ L 52 (q) and the coefficients of q and q 3 in θ S 52 (q).
For an odd unimodular lattice L, there are cosets
Two lattices L and L ′ are neighbors if both lattices contain a sublattice of index 2 in common. If L is an odd unimodular lattice in dimension divisible by 4, then there are two unimodular lattices containing L 0 , which are rather than L, namely, L 0 ∪ L 1 and L 0 ∪ L 3 (see [4] ). We denote the two unimodular neighbors by
Lemma 3. If L is an s-extremal optimal unimodular lattice in dimension 52, then the lattices N 1 (L) and N 2 (L) are also s-extremal optimal unimodular lattices in that dimension.
Proof. Since L has shadow of minimum norm 5, both N 1 (L) and N 2 (L) have minimum norm 5. The shadow of N 1 (L) is L 2 ∪ L 3 and the shadow of N 2 (L) is L 2 ∪ L 1 . Hence, both N 1 (L) and N 2 (L) have shadows of minimum norm 5, that is, s-extremal.
4 Three examples of s-extremal optimal unimodular lattices in dimension 52
By considering four-negacirculant codes, we found a certain self-dual F 5 -code C 52 of length 52. The self-duality of C 52 was verified by the Magma function IsSelfDual (see [1] for Magma). The code C 52 has generator matrix (4), where the first rows of the negacirculant matrices A and B in (4) are as follows:
(1, 2, 3, 3, 4, 3, 2, 0, 3, 1, 0, 3, 1) and (4, 4, 0, 3, 1, 0, 4, 2, 0, 1, 3, 3, 1),
respectively. In addition, we verified that A 5 (C 52 ) has minimum norm 5 and kissing number 157248. The minimum norm and the kissing number of A 5 (C 52 ) were calculated by the Magma functions Minimum and KissingNumber, respectively. By Lemma 2, A 5 (C 52 ) is an s-extremal optimal unimodular lattice in dimension 52. By Lemma 3, N 1 (A 5 (C 52 )) and N 2 (A 5 (C 52 )) are s-extremal optimal unimodular lattices in dimension 52. In addition, we verified by the Magma function IsIsomorphic that A 5 (C 52 ), N 1 (A 5 (C 52 )) and N 2 (A 5 (C 52 )) are nonisomorphic. Hence, we have established Theorem 1.
Finally, we verified that A 5 (C 52 ), N 1 (A 5 (C 52 )) and N 2 (A 5 (C 52 )) have automorphism groups of order 52. This was verified by the Magma function AutomorphismGroup.
